Abstract. We discuss shear-free perfect fluids which obey a barotropic equation of state and for which the magnetic part of the Weyl tensor with respect to the fluid congruence is divergence-free. We show that for a large class of equations of state these fluids are either nonexpanding or non-rotating and we present a classification of the resulting non-expanding solutions.
Introduction
The shear-free fluid conjecture claims that for a general relativistic perfect fluid, in which the energy density ρ and the pressure p satisfy a barotropic equation of state p = p(ρ) (p + ρ = 0), necessarily the expansion θ or the vorticity ω vanishes. The conjecture has been demonstrated in a number of particular cases: for a recent overview see (Van den Bergh et al. 2007) .
In this contribution we investigate a direct generalisation of the result that ωθ = 0 holds when the magnetic part H of the Weyl curvature (with respect to the fluid congruence) vanishes (Collins 1984) . In our analysis we make the weaker assumption that the spatial divergence of H vanishes. When the barotropic equation of state p = p(ρ) reduces to a γ-law equation of state (with a possible non-vanishing cosmological term "effectively" present by allowing p = (γ − 1)ρ + constant), a proof for the case of vanishing spatial divergence was given in (Van den Bergh et al. 2007) . We point out how this result may be generalized and we present a tentative classification of the resulting solutions.
Formalism
We consider shear-free perfect fluid solutions of the Einstein field equations
where u is the future-pointing unit tangent vector to the flow, ρ and p are the energy density and pressure of the fluid and h ab = g ab + u a u b is the projection tensor into the rest space of the observers with 4-velocity u.
We assume familiarity with the notations and conventions of the orthonormal tetrad formalism of (MacCallum 1971) . We begin by aligning e 0 and e 3 with u and ω, respectively, such that ω = ωe 3 = 0. The relevant variables then become ρ, p, ω, θ,u α and the quantities Ω α (which determine the rotation of the triad e α with respect to a set of Fermi propagated axes), together with the quantities n αβ and a α . Latin indices will be spacetime indices while Greek indices will take the values 1, 2 and 3. Further, it is advantageous to replace n αβ (α = β) and a α with q α , r α , defined by n α+1 α−1 = (r α + q α )/2, a α = (r α − q α )/2 (expressions which have to be read modulo 3). We also use, as extra (extension) variables, the components of the spatial gradient of the expansion z α = ∂ α θ and the (3+1) covariant divergence of the acceleration, j ≡u
A key issue is to choose the right (non-linear) combinations of the variablesu α and z α in order to keep the calculations manageable. It turns out that the following combinations (each having a clear physical meaning) are particularly useful:
As neither the Jacobi identities nor the field equations contain expressions for the evolution of the Ω α , it is good practice to choose the triad e α such that Ω + ω = 0. The fact that this is always possible follows from acting with the commutators [∂ 3 , ∂ 1 ] and [∂ 3 , ∂ 2 ] on p. One finds that Ω 1 = Ω 2 = 0 after which a rotation in the (12)-plane can be chosen such that Ω 3 + ω = 0. Herewith, the tetrad is determined up to rotations in the (12)-plane by an angle α satisfying ∂ 0 α = 0. Noticing that the evolution equations for the quantities n 11 − n 22 and n 12 are identical, one can further specify the tetrad such that either n 11 − n 22 = 0 or n 12 = 0. Henceforth our choice will be n 11 = n 22 ≡ n. We express the vanishing of the spatial divergence of the magnetic part of the Weyl tensor, H ab = C * acbd u c u d , by means of the Bianchi identity (Maartens & Basset 1998) 
Here the spatial derivative operator is defined by 
where S ab stands for the spatially projected and trace-free part of S ab . The basic equations of the formalism are now the Einstein field equations, the Jacobi equations and the Bianchi equations. We will also assume dp/dρ ∈ {−1, −1/3, 0, 1/9, 1/3} as these cases have been dealt with previously in the literature, see (Van den Bergh et al. 2007 ).
We shall argue by contradiction in order to establish that a shear-free fluid under the given conditions satisfies ωθ = 0. The important step, resulting in a great simplification of the governing equations, is to prove first that, if ωθ = 0, a Killing vector exists parallel to the vorticity.
3 Proof of ωθ = 0
As a first step we obtain evolution equations for all the relevant variables, as well as expressions for the spatial derivatives of p, ρ, θ, ω, j, z α andu α . Using the
we obtain in particular simple evolution equations for the variables U, V, W, Z:
together with the following key equations:
In a next step, by investigating the evolution of the key equations, we are able to show that a Killing vector exists parallel to ω, unless Φ = 0 with
where R ≡ (6G − 4)θ 2 − 12ω 2 − 6j + 3(ρ + 3p). Noticing that the expression above is a sum of squares, the analysis of the equation Φ = 0 is simplified considerably and we show, by individually propagating each of the constituent terms, that Φ cannot be 0 in an open region of spacetime. The existence of a Killingvector along the vorticity leads then to the simplificationsu 3 = z 3 = n 33 = r 3 = q 3 = 0. Herewith the integrability conditions for the remaining equations result in an algebraic equation of the form p 1 U + p 2 j + p 3 ω 2 + p 4 = 0, with p i = p i (ρ). The evolution of this equation along the fluid flow leads to an overdetermined system of algebraic relations, allowing one in principle to obtain an inconsistency with the assumption ωθ = 0. So far this has only been demonstrated in a number of special cases (such as the γ-law equation of state, or the cases G = constant,
, the difficulty being that, in general, each evolution step introduces higher order derivatives of the pressure (or of the function G). However a breakthrough has been obtained recently (J. Carminati, private communication).
Classification
Assuming the validity of the conjecture ωθ = 0 and noticing that all non-rotating models, which have been discussed in (Barnes 1973) , automatically have H = 0, we attempt to give a classification of shear-free and non-expanding (hence stationary) rotating perfect fluids for which divH = 0, thereby generalizing the classification of (Collins 1984) . We also take the acceleration to be non-0, as otherwise Gödel-like solutions with constant p and ρ are obtained. It is fairly straightforward to show then that in the canonical frame constructed above necessarily E 12 n 12 = 0. First notice that when E 12 = 0 and n 12 = 0 the rotation rate in the (12) plane can be specified such that n αβ = 0. This implies the existence of a Killing vector parallel to the vorticity (e 3 ) and hence one can make E 12 = 0. This leaves two cases: n 12 = 0 = E 12 and n 12 = 0 = E 12 , in each of which the rotation rate in the (12) plane can be further specified such that n 11 = n 22 = 0.
A) n 12 = 0 = E 12 : a)u 3 = 0: no solutions exist b)u 1 =u 2 = 0: solutions belong to the class IIIAGi of (Collins & White 1984) B) n 12 = 0 = E 12 : a)u 3 = 0: solutions belong to the family studied in (Krasinski 1974) . A particular case is given by the solution p = 7/11ρ = 15/2r 2 with ds 2 = −x 14/9 (dt + 22/7x 7/3 dy) 2 + (7/9) 2 dx 2 + x −10/9 dz 2 + x 56/9 dy 2 .
b)u 1 =u 2 = 0: solutions belong to the class IIIAGii of (Collins & White 1984) For both cases A and B the classification of the general models, in which acceleration and vorticity are neither parallel nor orthogonal, is still under investigation.
